The superb phase resolution and quality of the OGLE data on LMC and SMC Cepheids, together with existing data on Galactic Cepheids, are combined to study the period-colour (PC) and amplitude-colour (AC) relations as a function of pulsation phase. Our results confirm earlier work that the LMC PC relation (at mean light) is more consistent with two lines of differing slopes, separated at a period of 10 days. However, our multi-phase PC relations reveal much new structure which can potentially increase our understanding of Cepheid variables. These multi-phase PC relations provide insight into why the Galactic PC relation is linear but the LMC PC relation is non-linear. This is because the LMC PC relation is shallower for short (log P < 1) and steeper for long (log P > 1) period Cepheids than the corresponding Galactic PC relation. Both of the short and long period Cepheids in all three galaxies exhibit the steepest and shallowest slopes at phases around 0.75-0.85, respectively. A consequence is that the PC relation at phase ∼ 0.8 is highly non-linear. Further, the Galactic and LMC Cepheids with log P > 1 display a flat slope in the PC plane at phases close to the maximum light. When the LMC period-luminosity (PL) relation is studied as a function of phase, we confirm that it changes with the PC relation. The LMC PL relation in V -and I-band near the phase of 0.8 provides compelling evidence that this relation is also consistent with two lines of differing slopes joined at a period close to 10 days.
INTRODUCTION
In Kanbur & Ngeow (2004, hereafter Paper I), we investigated the behavior of period-colour (PC) and also amplitude-colour (AC) relations at the V -band maximum, mean and minimum light, as the AC relations are closely related to the PC relations via the following equation, derived in Simon et al. (1993, hereafter SKM) and in Paper I:
log Tmax − log Tmin = 1 10 (Vmin − Vmax).
This equation implies that if the PC relation at the maximum (or minimum) light is flat (i.e. the colour is independent of period), then there will be an AC relation at the minimum (or maximum) light (see SKM, Paper I and Kanbur et al. 2004, hereafter Paper II) . Thus an examination of AC relations can be used to confirm changes to the PC relation. The major assumption used in equation (1) ⋆ E-mail: cngeow@astro.uiuc.edu is that temperature, not radius, fluctuations are the dominant cause of light variations, at least at the optical wavelengths (Cox 1980) . In this paper, in addition to the maximum, mean and minimum light, we extend the study of PC and AC relations at all other pulsation phases. Furthermore, the extension to multi-phase relations will also expand our understanding of the pulsational behavior of classical Cepheids. The results of our study justify our methods and reveal new properties of Cepheids in the Galaxy and Magellanic Clouds that can be used to constrain the theoretical Cepheid pulsation/evolution models in future studies.
Based on the extensive data and large number of Cepheids recently discovered in the Large Magellanic Cloud (LMC), there is strong evidence that the mean light PC relation for the LMC Cepheids is non-linear: there are two PC relations for the short (log P < 1) and long (log P > 1) period Cepheids ( 
2005)
1 , respectively. In contrast, the Galactic or the Small Magellanic Cloud (SMC) Cepheids do not show any nonlinearity of the mean light PC relation (Tammann et al. 2003; . Therefore, our motivation is to construct and study the PC relations for Galactic, LMC and SMC Cepheids at all phases between zero and one, because the PC relation at mean light is the average of the PC relation at all phases (see Paper I). Thus it is important to understand the properties of the PC relation at other phases. A direct consequence of the non-linear LMC PC relation at mean light is that the LMC period-luminosity (PL) relation at mean light is also non-linear 2 Sandage et al. 2004; . Although the LMC PL relation is extensively used in distance scale studies (see, e.g., Freedman et al. 2001; Saha et al. 2001) , have discussed the implications of the non-linear mean light LMC PL and PC relations in distance scale applications.
In Section 2 of this paper, we present the data and the numerical methods used in this study. The multi-phase PC relations are studied in Section 3, and the detailed comparison between the Galactic and LMC PC relations is given in Section 3.1. The multi-phase AC relations are briefly presented in Section 4. Since it is also of great interest to investigate the connections between the PL and PC relations for LMC Cepheids, the multi-phase LMC PL relations are presented in Section 5. Finally, the main conclusion of this paper is summarized in Section 6.
DATA AND METHOD
The data used in this study are the same as in Paper I for the Galactic and SMC Cepheids, and in Kanbur & Ngeow (2006, hereafter Paper III) for the LMC Cepheids. These data include the periods, V -and I-band photometric data, and the E(B − V ) values that have been published elsewhere (see the reference in Paper I & III). To construct the multi-phase PC & AC relations, the light curves of the Cepheids should be phased to a common starting epoch. Briefly, the V -and I-band photometric data are fitted with the M th -order Fourier expansion of the following form (Schaltenbrand & Tammann 1971; Simon & Lee 1981; Ngeow et al. 2003) :
where Φ(t) = (t − t0)/P − int[(t − t0)/P ], with t0 being a common starting epoch for all Cepheids in both bands (say, t0 = 2440000.0). The pulsation period P (in days) are taken from the literature. The phases Φ(t) are in between zero and one corresponding to one full pulsation cycle. The Fourier coefficients, A k and φ k , as well as the mean values (A0) for the Cepheids in our samples are given in the Appendix A. To obtain the colours at various phases, the phased light curves from equation (2) should be shifted such that phase zero corresponds to (V -band) maximum light for all Cepheids in the sample. This was done using the following steps. The phase that corresponds to maximum light 3 , denoted as Φmax, can be obtained from the fitted V -band light curves. Then, the light curves in both V -and I-band can be phase-shifted according to the following relations:
where φ k (old) are from equation (2). Hence, the zeroth phase of the new light curves will correspond to the (V -band) maximum light. Since in general the Cepheid light curves are skew-symmetric with slow declination from maximum to minimum, the phase of minimum light is located roughly in between phases ∼ 0.6 and ∼ 0.8. The averages of the phase at minimum light, φmin, for the various samples are summarized in Table 1 . From the new light curves after the phase shift with equation (3), the colour at ith phase for a Cepheid is defined as (Vi − Ii), where i ∈ [0, 1]. The extinction corrected colour at ith phase is calculated with the subtraction of ∆R × E(B − V ) to (Vi − Ii), where ∆R = RV − RI = 1.28 Tammann et al. 2003; Udalski et al. 1999) . The V -band amplitude for the Cepheids is just VAmp = Vmin − Vmax. Therefore, together with the published periods, the multi-phase PC and AC relations can be constructed by performing a standard linear regression at the particular phase i for a given set of Cepheids.
THE MULTI-PHASE PC RELATIONS
The slopes and the zero-points of the PC relations as function of pulsation phases (Φ) for all of the Galactic, LMC and SMC Cepheids in our samples are plotted and compared in Figure 1 . Similar plots are presented in Figure 2 & 3 for the long and short period Cepheids, respectively. In these figures, phase zero (Φ = 0) corresponds to the maximum light. Our choice of the fiducial period log P = 1 is governed by the work of Paper I, Sandage et al. (2004) and . Because of the large numbers of Cepheids, dividing the sample into two at this period does not significantly affect the value of the slope or zero-point at a given phase. That is, if the true underlying relation is consistent with two lines of differing slopes but continuous or nearly continuous at a period close to 10 days, then there are sufficient numbers of Cepheids on either side of 10 days to adequately represent this true relation . From these figures, we found that:
(i) In Figure 1 , the general form of the PC relations as a function of phase in these three galaxies appear to be similar. The plots rise to a maximum at a phase between 0.5-0.6 (except for the SMC slopes). The LMC and SMC PC relations have a local minimum in the PC slope at a phase close to 0.8.
(ii) Long period Cepheids display their steepest PC slope at phases around ∼ 0.7 -∼ 0.8 (at the same time the zeropoints drops to the minimum values). This slope is the greatest in both of the Galaxy and LMC.
(iii) In contrast, short period Cepheids in the Galaxy, LMC and SMC display a flattening of the PC slope at Φ ∼ 0.8 (at the same time the zero-points approach to the maximum values), with some suggestion that the phase at which the slope is lowest gets later as the metallicity decreases. For the LMC short period Cepheids, this slope is very close to zero.
(iv) From Figure 2 , both LMC and Galactic long period Cepheids have a zero PC relation slope at phases close to maximum light. For the Galactic long period Cepheids, the slope is nearly zero between the phases ∼ 0.90-∼ 0.13 whereas this range is reduced in the LMC ∼ 0.95-∼ 0.08. The long period SMC Cepheids have a non-zero slope in the PC plots for phases close to maximum light. In fact, the flatness of the Galactic PC relation at maximum light (at phase zero) starts at a period of log P 0.8, as suggested in Paper II. This is confirmed by calculating the PC relation at maximum light for Galactic Cepheids with log P > 0.8 (where the slope is 0.04 ± 0.05) and from the top-left panel of Figure 7 . However, this happens at log P ∼ 1.0 for the LMC Cepheids.
One important feature from these figures is that the slopes of the PC relations approach zero and maximum values for the short and long period Cepheids, respectively, at Φ ∼ 0.8. Note that some interesting behavior around phase of ∼ 0.8 has been reported in the literature. For example, the angular diameters as a function of phase display a bump or large deviation from the normal fit around this phase (Fouqué et al. 2003; Storm et al. 2004; Gieren et al. 2005) . This is probably due to the presence of shock near minimum light (Fouqué et al. 2003) . Butler (1993) and Butler et al. (1996) have also reported some interesting hydrodynamics effects at phase around 0.8 from spectroscopic lines observations for a few Galactic Cepheids. However, Laney & Stobie (1995) demonstrated that this phase may not be problematic for the Baade-Wesselink type applications.
Comparisons of the Galactic and LMC PC relations
As mentioned before, the mean light PC relation is linear for the Galactic Cepheids but non-linear for the LMC Cepheids, even thought the PC relations as a function of phase for both galaxies are similar to each others (especially for the long period PC relations) rather than to the SMC PC relations (see Figure 2 & 3). Therefore it is interesting to compare the Galactic and the LMC PC relations at various phases to investigate this. In what follows we concentrate on the differences between the Galaxy and LMC PC relations. For ease of comparison, Figure 4 combines the Galactic and LMC results in a single three panel plot with solid triangles and open circles representing Galactic and LMC Cepheids respectively. This plot provides evidence that the slopes of the long & short period LMC PC relations are generally steeper & shallower, respectively, than the Galactic counterparts at most of the phases. The difference in the slopes for long and short period PC relations (∆ slope = slope L − slope S ) is then plotted as a function of pulsational phase in Figure 5 . Even though ∆ slope appears to be similar for the LMC and the Galactic PC relations 4 , a careful examination of Figure 5 reveals that, aside from differences near phase zero, that ∆ slope of the Galactic PC relations is different from the zero for only a small fraction (about ∼ 0.15 at Φ ∼ 0.8) of phase. In contrast, the fraction of the phases that ∆ slope is different from ∆ slope = 0 for the LMC PC relations is ∼ 0.6: much larger than the Galactic value. This results in mean differences of −0.034 and 0.131 for the Galactic and LMC PC relations, respectively. Together with the results from Figure 4 , this is what leads to a non-linear LMC PC(mean) relation and a linear Galactic PC(mean) relation.
The F -tests (see Paper I for details) are then applied to the Galactic and LMC multi-phase PC relations. The plots of the F -values as a function of phase are presented in Figure 6 . In this figure, the dashed lines represent the 95% confidence level (or p[F ] = 0.05), corresponding to F ∼ 3.0. Figure 3 . Same as Figure 3 , but for the short period (log P < 1) Cepheids.
Therefore, the F -values above the dashed line indicate that the PC relation is non-linear, while the F -values below this line indicate the PC relation is linear. From this figure, it can be seen that the LMC PC relations are not linear for most of the pulsational phases, except around Φ ∼ 0.15 and Φ ∼ 0.95. In contrast, the Galactic PC relations are linear for a large fraction of the pulsational phases, from Φ ∼ 0.15 to Φ ∼ 0.70 and again at Φ ∼ 0.88. Therefore, these properties make the LMC PC(mean) and Galactic PC(mean) relation to be non-linear and linear respectively. Although the nonlinearity of the Galactic and LMC PC relations at maximum light (with large F -values) has been mentioned previously, Figure 6 shows that this non-linearity extends in pulsational phases around the maximum light in both galaxies. Further, the non-linear PC relations around Φ ∼ 0.8 (the huge peak in Figure 6 ) are seen not only in the LMC Cepheids but also for the Galactic Cepheids. This is because the slopes for both Galactic and LMC long and short period Cepheids reach a maximum and minimum, respective, at this phase (the zero-points also display the opposite trends). Even though both Galactic and LMC PC relations are not linear around Φ ∼ 0.8, Figure 6 shows why the mean light Galactic and LMC PC relations are linear and non-linear respectively, because the phase that corresponds to the mean light is located in between Φ ∼ 0.4 and Φ ∼ 0.6. Figure 7 presents snapshots of the Galactic and LMC PC relations at certain phases beginning with maximum light (phase zero). At maximum light, both of the LMC and Galactic Cepheids follow flat PC relations for Cepheids with log P 1.0 and log P 0.8, respectively. After maximum light, the LMC PC relation becomes linear near Φ ∼ 0.15 but the Galactic PC relation stays non-linear around the same phase (see Figure 6 ). This is portrayed in the upperright panels of Figure 7 for Φ = 0.16. Then the LMC & Galactic PC relations become non-linear & linear, respectively, for a large fraction of phases (Φ ∼ 0.2 -∼ 0.7), as portrayed in Figure 6 and middle panels of Figure 7 . Phases around 0.8 are interesting because the PC relations for both of the Galactic and LMC Cepheids are non-linear with very large F -values (the peaks in Figure 6 ). Hence the PC relations are plotted in the lower-left panel of Figure 7 for Φ = 0.82. The non-linearity of the PC relations at this phase (in both galaxies) with a sharp break at log P ∼ 1 is clearly evident. Furthermore, the slopes of the short period PC relations approach zero around this phase (LMC: slope= 0.031 ± 0.022 at Φ ∼ 0.84; Galactic: slope= 0.091 ± 0.065 at Φ ∼ 0.80). However, the plots of the PC relation at Φ = 0.82 in Figure 7 show that the short period LMC PC relation is indeed nearly flat around this phase, but the short period Galactic PC relation can be broken further into two PC relations with a break at log P ∼ 0.8. The short period Galactic PC relation has a positive slope for log P < 0.8 and a negative slope for 0.8 < log P < 1.0, hence the overall slope is close to zero as seen in the lower panel of Figure 4 . Finally, PC relations at Φ = 0.94 are plotted in the lower-right panel of Figure 7 to show the transition from Φ ∼ 0.8 to maximum light.
The SMC PC Relations
For completeness, we include the snapshots for the SMC multi-phase PC relations (same layout as in Figure 7 ) and the plot of the F -values as function of phase in Figure 8 . Compared to Figure 6 , there are some similarities and differences for the behavior of non-linearity of the SMC PC relations as a function of phase to the Galactic and LMC counterparts. For example, the non-linear PC relation at maximum light is only marginal for the SMC Cepheids, in contrast to the Galactic and LMC PC(max) relations. Between Φ ∼ 0.2 and Φ ∼ 0.6, the Galactic and LMC PC relations are linear and non-linear, respectively. However, the SMC PC relations switch from linear around Φ ∼ 0.25 to become non-linear then back to linear near Φ ∼ 0.50. This "secondary peak" is absent for the Galactic and LMC PC relations. For SMC Cepheids, the phases that correspond to the mean light are around Φ ∼ 0.5 and Φ ∼ 0.7: hence the mean light PC relation is linear. In term of similarity, the significance of non-linear PC relations around Φ ∼ 0.8 for SMC Cepheids is also clearly evident, which is also seen in the Galactic and LMC PC relations. The non-linearity of the PC relation around Φ ∼ 0.8 seems to be a universal feature for the classical Cepheids.
THE MULTI-PHASE AC RELATIONS
Figures 9-11 present the multi-phase AC relations for the Cepheids in these three galaxies. They support the validity of equation (1) because when the PC slope is close to zero at phases close to maximum light, the AC relation becomes such that higher amplitude stars are driven to cooler temperatures at minimum light. The slope of the AC relation for long period Cepheids reaches a maximum positive value at phases between 0.6 − 0.8. The slope stays at this positive value for a phase interval that increases with decreasing metallicity. For phases close to maximum light, the slope is negative for all three galaxies. The slope of the plot depicting the variation of the AC slope with phase for short period Cepheids is similar to the long period plot except that the curves are shifted downward by about 0.2 so that most slopes are negative. 
THE MULTI-PHASE LMC PL RELATIONS
Since the morphology of the PC relations will affect the PL relations, Figure 12 portrays these extinction corrected LMC PL relations at the same phases as used in the PC relations in Figure 7 , using the same data and methods mentioned in Section 2. We see clearly that changes in the PC relation are associated with changes in the PL relation: the sharp change in the PL relation in both V -and I-band at Φ = 0.82 is very compelling. It is hard to imagine how this plot could be the result of some combination of period selection/incompleteness/reddening errors (see also . We also compare the F -values of the PL and PC relations as a function of phase from the F -test in Figure 13 , similar to Figure 6 . From this figure it can be seen that the nonlinearity of the PC relation traces the non-linearity of the PL relations at most of the phases except near Φ ∼ 0.0 (corresponding to the maximum light). The discrepancy near Φ ∼ 0.0 is due to the flat PC relation at maximum light for the long period Cepheids that forces the V -band PL slope to be similar to the I-band PL slopes 5 .
CONCLUSION
In this paper we have used the excellent phase resolution of OGLE data, combined with existing Galactic data to present multi-phase PC and AC relations for Galactic, LMC and SMC Cepheids. The main conclusions from this study are summarized below.
(i) By examining the slopes of the PC relation as a function of phase, our results confirm that the Galactic PC(mean) relation is linear and the LMC PC(mean) relation is non-linear in the sense that the LMC PC relation is more consistent with two linear relations, one for short and long period Cepheids respectively.
(ii) Both short and long period Cepheids exhibit interesting new features on these multi-phase plots. The slopes of the PC relation for long period Cepheids reach maximum at a phase around 0.7 − 0.8, close to the phase of minimum light. In contrast the slope of the PC relation for short period Cepheids displays a minimum (close to zero) around Φ ∼ 0.8. These are the new observational features that have not be reported in the literature, and can be used to further constrain stellar pulsation/evolution models of Cepheids.
(iii) Combining these behaviors of the slopes at Φ ∼ 0.8 for the long and short period Cepheids, the PC relation becomes strongly non-linear at this phase. Further, the Galactic and LMC long period Cepheids display a flat PC relation at phases close to the maximum light (at Φ = 0.0). This also cause both of the Galactic and LMC PC relation to be non-linear at maximum light. There are some indications that the extent of this flatness may be metallicity dependent since the SMC has a non-zero PC slope around maximum light.
(iv) The reason why previous workers found a non-linear and linear LMC and Galactic PC relation is because short and long period LMC Cepheids have a shallower and steeper slope respectively than their Galactic counterparts in most of the phases. In addition, the LMC PC relations are actually non-linear at most pulsational phases. The Galactic PC relations are linear at most pulsational phases.
(v) The multi-phase SMC PC relations show some similarities and differences to the Galactic and LMC counterparts. In particular, the non-linear PC relations around Φ ∼ 0.8 is significant for all three galaxies, and this suggests the non-linearity of the PC relation around this phase is a universal feature. Perhaps it may has to do with the interaction between the hydrogen ionization front (HIF) and the photosphere at outer envelope of Cepheid variables, or even a shock+HIF+photosphere interaction. However a detailed investigation is beyond the scope of this paper.
(vi) The shapes of the multi-phase AC relations are similar for both long and short period Cepheids, except the curves for short period Cepheids are shifted downward. The multi-phase AC relations also support the validity of equation (1).
(vii) The multi-phase LMC PL relations also trace the corresponding multi-phase PC relations (except at maximum light). Evidence of non-linear PL relations at Φ ∼ 0.8 is also compelling. It is well known that near resonance, the shape of Cepheid light curves changes dramatically and it could be that near this period, the secondary maximum associated with the Hertzsprung progression may become the primary maximum. Perhaps this may be responsible for the sharp change seen at Φ ∼ 0.8 in the LMC PC/PL relations. However, even if this is the case, it does not negate the observational fact that there are very compelling changes in the LMC PC/PL relations as a function of phase.
(viii) Since the mean light PC and PL relation is an average over the relations at every phase, the behavior around Φ ∼ 0.8 has some impact on the mean light relation which makes the LMC PC/PL relation non-linear but the Galactic and SMC PC/PL relations linear at mean light. Our contention is that this effect is reduced in the Galaxy and SMC because of the combined effect of the changes of the HIFphotosphere interaction and the amplitude of the Cepheids.
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